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z-Test for Population Mean u

» consider X ~ N(u,0?) with Hy : 1 = po

» if Hy is true, then

X — o
Z = ~ N(0,1
T~ (0.1)
> for a test of Hp against Hy : p < po with observation z, the
p-value is
z
PH(Z < 2) = &(z) = — ~2 d
= Pr Z) = Z) = e S
P - V2.
— 0o
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Graphical lllustration
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p=9®(z) = Wiz /6552 ds
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Improper Integrals are Non-Intuitive
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Area from —oo to oo
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Improper Integrals are Non-Intuitive

» example of non-intuitivity

/s ds =0 for any z, but /s ds is not defined
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» example of non-intuitivity

/s ds =0 for any z, but /s ds is not defined

P definitions of improper integrals

/z f(s)ds:a_lir_noo/zf(s)ds

0 b
/f :a_h)moo/f(s) ds—i—bll_>mm/f(s) ds
a 0
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Distribution of the p-Value

» under Hp, the p-value is uniformly distributed with probability
density function (pdf)

1 for 0<p<l1
0 else

fo(p) = {
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» under Hp, the p-value is uniformly distributed with probability
density function (pdf)

1 for 0<p<l1
0 else

fo(p) = {

» under Hip, the p-value is non-uniformly distributed with a
skewed pdf f1(p)

> eg.: X ~N(u,02), Ho: pn = po, left-sided Hy : pp = g

0 (®71(p) — e

> : _ 1 e
f(p) = )] with ¢(s) = e

V2r
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Simulation Study

> X ~ N(p,25), Ho: pn =325, Hy : p =322, n=14
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Simulation Study

> XNN(/“L725)v Ho : p

density f,(p)

=325 Hy:p=322,n=4

1 for 0<p<1

fo(p) = {
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Simulation Study

> X ~ N(p,25), Ho: pn =325, Hy : p =322, n=14

density f,(p)

1 for 0<p<1
0 else

fo(p) = {
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density f, (p)
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Bayes Factor

» Bayes' theorem yields

Pr(Holp) _ ~Pr(Ho)
Pr(filp) ~ PP Br(Hy)

L. Held, M. Ott, Annu. Rev. Stat. Appl. (2018)
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Bayes Factor

» Bayes' theorem yields

Pr(Holp)

PriFhlp) ~ 2P Br(rh)

> the Bayes factor

measures how p increases or decreases the odds of Hy to H;

L. Held, M. Ott, Annu. Rev. Stat. Appl. (2018)
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Example with Hy : =325 and H; : p = 322
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Bayes factor B(p)
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Simulation Study with Pr(Hy) = 0.9

> X ~ N(p,25), Ho: pn =325, Hy : p =322, n=14
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Simulation Study with Pr(Hy) = 0.9

» Np = 90000 and N; = 10000

02 03 04 05 06 07 08 09 1
3

under Hy

> X ~ N(p,25), Ho: pn =325, Hy : p =322, n=14

14 /15



Simulation Study with Pr(Hy) = 0.9
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Simulation Study with Pr(Hy) = 0.9

> X ~ N(p,25), Ho: pn =325, Hy : p =322, n=14
> Mo = 90000 and Ny = 10000
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» for about 72.9% of the tests with p € [0.04,0.05], Ho is true

953

7% 0,729 ~ Pr(Hol0.
953 + 354 _ 0729~ Pr(H6]0.05)

O P = = wac
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» but what if statistics is not mandatory ?
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